The on shell equivalence of first order and second order formalisms for the Einstein-Hilbert action does not hold for those actions quadratic in curvature. It would seem that by considering the connection and the metric as independent dynamical variables, there are no quartic propagators for any dynamical variable. This suggests that it is possible to get both renormalizability and unitarity along these lines. We have studied a particular instance of those theories, namely Weyl gravity. In this first paper we show that it is not possible to implement this program with the Weyl connection alone.
Introduction.
It is well-known that general relativity is not perturbatively renormalizable (cf. [1] and references therein for a general review). However, quadratic (in curvature) theories are renormalizable, albeit not unitary [2] , when considered in second order formalism.
Nevertheless, it is possible to let the affine connection be independent from the riemannian metric in a manifold. In the usual first order Palatini [3] approach (linear in curvature), the connection and the metric are treated as independent variables and the Levi-Civita connection appears only when the equations of motion are used. Theses equations of motion enforce that the covariant derivative of the metric should vanish, which means that the connection must be the Levi-Civita one in the torsionless case. Quantization of this Palatini action through the background field method [4] is claimed to be essentially equivalent to the Einstein-Hilbert one, first performed in a classic paper by 't Hooft and Veltman [5] .
When more general quadratic in curvature metric-affine actions are considered [6] [7] [8] the deterministic relationship between the affine connection and the Levi-Civita one is lost, even on shell. That is, the equations of motion do not force the connection to be the Levi-Civita one. This is interesting because it appears that we could have all the goods of quadratic lagrangians [2] (mainly renormalizability) without conflicting with the spectral theorem of Källen-Lehmann, which guarantees that in a unitary theory, and in flat space
where the spectral function ρpµ 2 q ě 0 is positive semidefinite. It follows that it is not possible in a unitary quantum field theory to have propagators falling off at infinity faster than 1 k 2 with a positive spectral function ρpm 2 q. On the down side, if the connection is to be a really independent physical variable, we should be able to find its physical meaning insofar as it is not fully determined by the spacetime metric itself.
What has been said in the preceding paragraph is a simple consequence of the fact that given any action (suppressing indices)
in which the dependence on the connection has been separated from the dependence on the metric, the total variation with respect to the metric can be written as
Therefore, the second order variations are the total functional differential, whereas the first order variation is the set of partial functional derivatives. It is the clear that the vanishing of the first order variations
implies the vanishing of the second order ones
but no the other way round; it is a distinct logical possibility to have δ 2 S " 0 through a cancellation of two non-vanishing terms in the above equation. The purpose of the present paper is to explore some of the possibilities opened up by this framework.
In this sense, we shall consider connections on the frame bundle [9] [11], namely the principal bundle associated to the tangent bundle, with structure group SOp3, 1q or SOpnq Ă GLpn, Rq, in the euclidean case). For simplicity, we shall restrict ourselves to torsionless connections (the observationally allowed parameter space for the torsion is anyway quite thin [12] ). We will write all formulas in the minkowskian signature although as usual all determinants are defined in a riemannian setting and analytical continuation is to be performed afterwards.
An orthonormalized frame will be characterized by n differential forms 
Spacetime tensors are observed in the frame as spacetime scalars, id est,
The Lorentz (usually called spin) connection is defined by demanding local Lorentz invariance of derivatives of such scalars as
Physical consistency demands that the Lorentz and Einstein connections are equivalent, that is, that
This is easily seen to imply that
showing that Lorentz and Einstein connections are equivalent assuming knowledge of the frame field (tetrad). The Riemann Christoffel tensor is completely analogous to the usual gauge non-abelian field strength. The main difference between the curvature tensor and the non-abelian field strength stems from the torsionless algebraic Bianchi identity
which is the origin of the symmetry between Lorentz and Einstein indices
This identity does not have any analogue in a non abelian gauge theory in which these two sets of indices remain unrelated. The opposite happens with the differential Bianchi identity dR
which still holds for non-abelian gauge theories when the gauge group is not identified with the tangent group. We have included in the appendix a general treatment of (non Levi-Civita) torsionless Lorentz connections.
The connections is assumed to be inert under Weyl rescalings
this implies that the Riemann-Christoffel tensor is Weyl invariant as well
and
With this definition, the action
transforms as Ω n´4 ; so that is Weyl invariant in four dimensions. Since we are considering the Riemann-Christoffel tensor as a function of an arbitrary connection, RrΓs (19) in addition of transforming as a true tensor under arbitrary diffeomorphisms, it may seem that it has an abelian gauge invariance under
This invariance is not a true symmetry however. Actually what happens is that the transformed connection is not symmetric, which in turn means that the transformed field generates torsion. Indeed, under a symmetric transformation
the Riemann tensor transforms as
The extra piece does not vanish in general. Again, the reason for this is that now the first pair of indices of the Riemann tensor are not related to the second pair on indices as is the case for the Levi-Civita connection owing to the algebraic Bianchi identity.
We have just pointed out that the nonmetricity is non-vanishing the Riemann tensor does not enjoy the usual symmetries
as well as
There are then two different traces. The one that corresponds to the Ricci tensor
and a different one
Neither of them is in general symmetric now. There is also an antisymmetric further trace
It is a fact that
2 General non-Levi-Civita torsionless connection
Define the non-metricity tensor (NM) as the covariant derivative of the metric tensor
The symmetric piece of the connection is then precisely
The frame field is essentially characterized by its structure constants of the frame. Those are defined as usual as
Indeed, the vanishing of the torsion tensor
yields the missing antisymmetric piece of the Lorentz connection ω arbcs (remember that the symmetric piece was determined by the non-metricity)
The general torsionless connection is then determined in terms of the non-metricity and the structure constants of the frame field as
Metric from connection
Given any connection, it is interesting to determine the conditions for it to be interpreted as a Levi-Civita connection of some metric (not necessarily the existing metric on the manifold). These conditions are clearly stated with Christoffel's symbols of first kind, namely B µˆt δ; βλu`tβ; λδu˙" B λˆt δ; βµu`tβ; δµu˙(36)
which expresses the obvious fact that
In order to determine the generaing metric in such cases as it exists, (that is, when the integrability condition is fulfilled), there is the linear ODE system
The integrability conditions for such a system are precisely as above, namely
This boils down to
his can be thought of as a set of algebraic equations for the metric, given the connection and its derivatives. At the perturbative level, assuming
The integrability condition reads
This can be written in a suggestive way as
or introducing the one-forms
this is equivalent to a certain one-form to be closed, that is,
This implies that
Once this condition is fulfilled, the solution is given by the solution of the first order linear differential equation
Weyl Gravity
The same property of conformal invariance of the action (18) is shared by the Weyl action
where the Weyl tensor is defined as
Besides, due to (28)R " g
It can be easily shown that it is not possible to modify Weyl's tensor in such a way that it is still antisymmetric in the last two indices and all traces vanish. We shall then refrain from doing any modification on Weyl's tensor.
We would like to insist that at this point (that is, with a connection that is a dynamical variable) there is no real motivation for this particular definition. It is only when the connection is fixed to be the Levi-Civita one that Weyl's tensor acquires its special meaning.
In spite of the fact that Weyl's action does not seem privileged from this point of view, there is a grander viewpoint from which it is. Namely, Cartan's canonical conformal connection [9] is a one-form with values in the conformal algebra, sop2, 4q, in such a way that when two frames are related by a conformal transformation, the connection undergoes a gauge transformation [13] . It is a remarkable fact that this connection is closely related to the Penrose's twistor connection [14] .
In this view, spacetime is related to the coset SOp2, 4q{SO 0 p2, 4q where SO 0 p2, 4q is the group of scale transformations (that is, the conformal group without the four special conformal transformations). In [8] it was shown that Bach's tensor [21] is the source of the Yang-Mills' equations for Cartan's connection. Given the well-known fact that Bach's tensor is the equation of motion for Weyl gravity -in the second order formalism-this clearly yields a new insight. This viewpoint allowed [7] to show that the solution of the first order Weyl EM were given by conformal classes of solutions of the ordinary Einstein equations. This is our main motivation for concentrate on the Weyl action, trying to understand the possible new features that a first order treatment may uncover.
Finally, let us remark en passant, that the index theorem asserting that the integral of the pfaffian of the curvature yields Euler's characteristic, a topological invariant, refers to the riemannian curvature only. To be specific, there must exist some admissible metric such that the connection is the associated Levi-Civita connection. The conditions for that to be true are worked out in the appendix. There are then in general three independent quadratic diffeomorphism invariants out of the metric and the non-riemannian curvature.
Let us now point out a question of notation to hopefully avoid confusion. When considering the Riemann tensor of the Levi-Civita connection we shall simply write R µ νρσ . When it is computed from a dynamical variable connection, R pΓqµ νρσ and in the important particular case of Weyl's connection (to be introduced in a moment), R pW qµ νρσ . Let us also mention that this very theory (or rather its second order version) has been proposed as experimentally viable in [15] , although this statement has been challenged by [16] in the particular case of conformal matter.
Weyl's connection is not enough.
There is a particular case which is very interesting, namely, when the non-metricity
(confer the appendix) is proportional to the metric tensor itself
where W a is a gauge field, the Weyl vector field. The fact is that when a Weyl transformation is made on the metric
Weyl's vector undergoes a gauge transformation
In this case it is possible to modify the Levi-Civita connection in such a way that the covariant derivative of the metric with respect to the modified connection still vanishes. Its value is
Then when the only non metricity is due to Weyl's vector field,
where ∇ pW q µ is the covariant derivative corresponding to the Weyl connection, Γ pW qµ νρ . This fact allows us to define a conformal (as well as diffeomorphism) covariant derivative of an arbitrary tensor field T through
where λ is the conformal weight of the tensor T. This is defined in such a way that under a Weyl transformation T Ñ Ω´λ T (60)
For example, λ "´2 for the covariant metric g αβ . Then D µ is a metric-compatible connection
The Riemann-Christoffel tensor 1 associated to Weyl's connection reads
It has already been pointed out the unfortunate fact that this tensor does not have the property that R pW q
in fact, it is not even symmetric in the first two indices. As we already advertised in the Introduction, there are then two possible independent contractions of it. The Ricci tensor corresponds to the contraction of the first and the third indices and reads
he other two-index tensor corresponds to the contraction of the second and third indices and read
inally, the corresponding scalars read
Let us denote by F αβ the gauge invariant field strength of the abelian gauge field W λ
It is easy to check that the contraction defined in (27)
Weyl's tensor corresponding to Weyl's connection reads
which is indeed gauge invariant in a beautiful way. Unfortunately this also means that the lagrangian corresponding to Weyl gravity where the connection only depends on the Weyl gauge field can be written as
This means that the whole dynamics of Weyl's connection lies in the abelian gauge term and the first order formalism for the gravitational field has got exactly the same problems with unitarity as has the usual second order one.
Conclusions
It has been known for some time that the complete on shell equivalence of first order (Palatini) and second order formalisms for the Einstein-Hilbert action does not hold for quadratic actions. This is an inducement to investigate those theories anew, because by considering the connection and the metric as independent dynamical variables, there are no quartic propagators for any variable, at least naively. These theories then hold the promise of defining a unitary and renormalizable theory of gravity. Given the quite stringent observational bounds on the presence of torsion in spacetime, we have assumed throughout the paper that the torsion is zero, although this hypothesis could easily be removed.
We have clarified the general setup of the theory, and the degrees of freedom involved. In this paper we have endeavored to work out the dynamics of Weyl's connection, which has a very natural and beautiful geometrical interpretation. Unfortunately, for this particular case in which the non-metricity is proportional to the metric itself the propagator for the graviton is still quartic in derivatives, which means that in momentum space behaves as 1 p 4 for large momentum. Our conclusion is that those theories are still non-unitary even in first order formalism. This means that the only hope for getting a renormalizable and unitary theory involving gravitons (alas, also other fields) lies in the general quartic lagrangian, which unfortunately is quite complicated because it depends on many parameters (one for every non-equivalent way of contracting the Riemann tensor with itself).
We hope to be able to report on this sopic soon.
Let us now present for completeness Lovelock's proof of the Lanczos'identity [18] , which is much simpler that the original proof. Consider a tensor K β 1 ...βm α 1 ...αm (68) such that it is fully traceless and separately antisymmetric in both covariant and contravariant indices. This a generalization of the well-known properties of the Weyl tensor (when the connection is Levi-Civita). Now, if the dimension of the space n ď 2 m´1 (69) The reason is that this particular tensor fulfills all the hypothesis of the preceding theorem. Let us check this explicitly for the Weyl tensor, which corresponds to m " 2. This construct reads In conclusion, we are not aware of any argument as to why Lanczos' identity should remain true for non Levi-Civita connections.
